Abstract. This paper proposes a nonsubsampled contourlet transform (NSCT) based multiscale linear minimum mean square-error estimation (LMMSE) scheme for image denoising. The contourlet transform is a new extension of the wavelet transform that provides a multi-resolution and multi-direction analysis for two dimension images. The NSCT expansion is composed of basis images oriented at various directions in multiple scales, with flexible aspect ratios. Given this rich set of basis images, the NSCT transform effectively captures smooth contours that are the dominant feature in natural images. To investigate the strong interscale dependencies of NSCT, we combine pixels at the same spatial location across scales as a vector and apply LMMSE to the vector. Experimental results show that the proposed approach outperforms wavelet method and contourlet based method both visually and in terns of the peak signal to noise ratio (PSNR) values at most cases.
Introduction
An image is often corrupted by noise in its acquisition and transmission. Image denoising is used to remove the additive noise while retaining as much as possible the important signal features. In the recent years there has been a fair amount of research on wavelet thresholding and threshold selection for signal de-noising [1] , [2] - [9] . However, wavelets are less effective for images where singularities are located both in space and directions.
Initially, the wavelet transform was considered to be a good decorrelator for images, and thus wavelet coefficients were assumed to be independent and were simply modeled using marginal statistics [10] . However, wavelet coefficients of natural images exhibit strong dependencies both across scales and between neighboring coefficients within a subband, especially around image edges. This gave rise to several successful joint statistical models in the wavelet domain [10] - [13] .
One important feature of a transform is its stability with respect to shifts of the input signal. Shift invariance is very important in image denoising by thresholding because lack of shift invariance causes pseudo-Gibbs phenomena around singularities [7] . In addition to shift invariance, it is necessary that an efficient image representation should have the ability to capture geometrical structure exists in natural images. Contourlet transform [14] is a multidirectional and multiscale transform that is constructed by combining the Laplacian pyramid [15] , [16] with directional filter bank (DFB), can be used to capture geometrical properties of images. However, due to downsamplers and upsamplers present in both the Laplacian pyramid and the DFB, the contourlet transform is not shift-invariant.
Hence, some new transforms have been introduced to solve this problem. Cunha and Do [17] , developed nonsubsampled contourlet transform (NSCT), which is a fully shift-invariant version of contourlet transform, as well as multiscale, and multidirectional expansion. The NSCT is based on a nonsubsampled pyramid structure and nonsubsampled directional filter banks. NSCT transform allows for different and flexible number of directions at each scale, while achieving nearly critical sampling.
Although NSCT well decorrelates signals, strong interscale dependencies between NSCT coefficients still exist. Efficient modeling and exploiting such dependencies can significantly improve denoising performance. Denoising approach based on LMMSE considering interscale dependencies in wavelet domain was presented in [18] - [20] . However, the major drawback for wavelets in two-dimensions is their limited ability in capturing directional information.
In this paper, an LMMSE-based denoising approach with an interscale model is presented by using nonsubsampled contourlet transform (NSCT). NSCT do not have any downsampling in the decomposition and each NSCT subband has the same number of coefficients as the input image. We combine the NSCT coefficients with the same spatial location across adjacent scales as vector, to which LMMSE is then applied. Such an operation naturally incorporates the interscale dependencies of NSCT coefficients to improve the estimation. Experimental results show that the proposed approach outperforms other denoising methods in terms of visual quality.
The rest of the paper is organized as follows. Section 2 introduces NSCT in brief. The proposed LMMSE-based denoising approach is described in section 3. Experimental results are presented in section 4. Finally a conclusion is presented in section 5.
Construction of Nonsubsampled Contourlet Transform
The NSCT is a fully shift-invariant, multi-scale, and multidirectional expansion that has a fast implementation. Overview of the NSCT is shown in Figure 1(a) . The structure consists in a bank of filters that splits the 2-D frequency plane in the subbands shown in Figure 1(b) . NSCT transform can thus be divided into two shiftinvariant parts which are as follow: a nonsubsampled pyramid structure that ensures the multi-scale property and a nonsubsampled DFB structure that gives directionality.
The contourlet transform is implemented via a two dimensional filter bank that decomposes an image into several directional subbands at multiple scales. To achieve this, the nonsubsampled contourlet transform is built upon nonsubsampled pyramids and nonsubsampled DFB [17] . First, a nonsubsampled pyramid split the input into a low pass subband and a high pass subband. Then a nonsubsampled DFB decomposes the high pass subband into several directional subbands. The scheme is iterated repeatedly on the low pass subband outputs of nonsubsampled pyramids.
The multiscale property of the NSCT is obtained from a shift invariant filtering structure that achieves subband decomposition similar to that of the Laplacian pyramid. The block diagram of the nonsubsampled pyramid is shown in Figure 2 (a) and subband on the 2-D frequency plane is shown in Figure 2(b) . (a) (b) Specifically, NSFB can be built from low-pass filter H 0 (z). Then we need to set
Perfect reconstruction condition is given as follows:
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This condition is much easier to satisfy than the perfect reconstruction condition for critically sampled filter banks, and thus allows better filters to be designed. The nonsubsampled DFB is a shift-invariant version of the critically sampled DFB in the contourlet transform. Nonsubsampled pyramids provide multiscale decomposition and nonsubsampled DFB's provide directional decomposition. The building block of a nonsubsampled DFB is also a two-channel nonsubsampled filter bank. However, shift invariance property is obtained by eliminating the downsamplers and upsamplers if the DFB.
LMMSE Based Denoising
NSCT is translation invariant and hence do not cause visual artifacts in threshold based denoising. For this the denoising scheme presented in this paper adopts NSCT. Suppose the original signal f is corrupted with additive Gaussian white noise ε 
The factor c is always less than 1, thus the magnitude of estimated NSCT coefficients would be less than that of w j .
After the LMMSE result j x is obtained, only the component j x is extracted. 
Experimental Results
To evaluate the performance of the proposed approach this section compares the proposed scheme with other popular denoising schemes: wavelet based hardthresholding (WH), wavelet based soft-thresholding (WS). The three benchmark images named Lena, Barbara and Cameraman with dimension 512×512 are used for the experiments. The noisy images are obtained by adding Gaussian white noise to the noise free image. Figure 3 and Figure 4 show the denoising performance of the above mentioned methods using the experimented images. From these figures, it can be observed that the proposed approach is better than the standard denoising methods. In order to evaluate the performance of the proposed method numerically, we measured peak signal to noise ration (PSNR), which is defined as: 
where I max is the maximum gray level value of the image, X i,j is the gray value of pixel at (i,j) of the original image, Y i,j is the gray value of pixel at (i,j) of the denoised image, and M and N are the numbers of row and column of the image respectively. 
Conclusion
In this paper, we have presented LMMSE-based denoising approach with NSCT interscale model. The NSCT is a fully shift-invariant, multi-scale, and multidirectional expansion. The NSCT coefficients at the same spatial locations at two adjacent scales are presented as a vector and LMMSE is applied to the vector. The NSCT interscale dependencies are thus exploited to improve the signal estimation. The proposed method gives highest PSNR values than other methods. It is ascertained from the experimental results that the proposed LMMSE based denoising approach outperforms other denoising methods.
